Abstract. The following superrigidity type theorem for complex hyperbolic lattices is proved in this paper. Let X = Γ\B n be a compact complex ball quotient, n = 2 or 3. Suppose H 1,1 (X, C) ∩ H 2 (X, Z) is generated by the Kähler class of X. Then any representation of Γ in GL(n + 1, C) can either be deformed to a unitary representation or be extended to a homomorphism from SU (n, 1) into GL(n + 1, C).
Introduction
Let G be a connected non-compact semi-simple Lie group. Recall that a discrete subgroup Γ ⊂ G is called a lattice in G if Γ\G is of finite volume. A lattice should in spirit inherit a lot of characteristics of the embient group. If G, in addition, admits some algebraic group structure, a family of discrete subgroups called arithmetic subgroups can be constructed. It was proved by Borel and Harish-Chandra [2] that all arithmetic subgroups are lattices. Nevertheless, it is far from obvious that the converse could be true, though this statement for most semisimple Lie groups was conjectured by Selberg and Piatetski-Shapiro in the sixties.
Margulis' celebrated arithmeticity theorem gives an affirmative answer to this conjecture and asserts that irreducible lattices in any semisimple Lie group of real rank greater than or equal to two are arithmetic subgroups. His theorem left unanswered the arithmeticity of lattices in real rank one groups. There are essentially four real rank one simple Lie groups: SO(n, 1), SU (n, 1), Sp(n, 1) and F (−20) 4 . The arithmeticity of lattices in the latter two groups were finally proved in the ninties due to the work of Corlette [4] and Gromov-Schoen [9] . While for the former two groups, it was long known that non-arithmetic lattices do exist. In SO(n, 1), such examples were constructed by Makarov [13] , Vinberg [25] , and Gromov-Piatetski-Shapiro [8] for all n.
In this article, we study lattices in SU (n, 1). The first non-arithmetic lattice in SU (2, 1) was constructed by Mostow [16] , [17] as a discrete group generated by reflections along the sides of a polyhedra in the complex two ball. In [6] , a familly of complex hyperbolic lattices were constructed by Deligne and Mostow as the fundamental groups of certain compactifications of moduli spaces of marked points on the Riemann sphere. Later, Thurston [23] studied the moduli spaces of Euclidean cone metrics on the sphere and more non-arithmetic examples were obtained in this way.
Among their lists there are non-arithmetic lattices in SU (2, 1) and SU (3, 1) . It is therefore important to determine arithmetic lattices in these groups. In [20] , the author addressed a conjecture due to Rogawski, where a criterion of arithmeticity of cocompact latttices in SU (2, 1) was given in terms of the topology of the quotient manifold. Namely,
Such examples were first given by Mumford [18] by the method of p-adic uniformization. In particular, he constructed an arithmetic complex hyperbolic surfaces with the same betti numbers as CP 2 .
According to Margulis' theorem, the arithmeticity of a lattice can be established through the Archimedean and non-Archimedean superrigidity of the lattice. In this paper, the following Archimedean superrigidity type theorem was proved.
) is generated by the Kähler class of X. Then any representation of Γ in GL(n + 1, C) can be either deformed to a unitary representation or extended to a homomorphism from SU (n, 1) into GL(n, C).
The case of Γ\B 2 was proved in [20] under an extra assumption that b 1 (X) = 0. The argument there depends on complex variations of Hodge structures and the stability of Higgs bundles. The key point is the restriction of Higgs bundles to complex curves and it seems only applicable to the complex hyperbolic surface case. Our proof also makes use of the idea of complex variations of Hodge structures. The key point is replaced by a harmonic map argument. Harmonic maps were used by Corlette and Gromov-Schoen in their work leading to arithmeticity of lattices in Sp(n, 1) and F (−20) 4 . This approach was also used to give a new proof of the Margulis superrigidity in the cocompact case by Jost-Yau [10] and independently, Mok-Siu-Yeung [15] .
The present article is organized as the following. In §2 we discuss harmonic maps and Simpson's theory of complex variations of Hodge structures. In §3, we prove the main theorem.
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Harmonic maps and complex variation of Hodge structures
In this section, G denotes a non-compact semi-simple Lie group without compact factor. We assume G is isomorphic to the real points of a semisimple algebraic group over R. K denotes a maximal compact subgroup of G, so G/K is a Riemannian symmetric space. Let X be a compact Riemannian manifold with fundamental group π 1 (X) andX the universal covering of X. Let ρ : π 1 (X) → G be a group homomorphism. The following theorem is well known. 
If X is further assumed to be Kähler, then we can actually say more about the harmonic map. First let's recall Simpson's theory of complex variations of Hodge structures from [22] .
Definition 2.2. A complex variation of Hodge structures is a smooth complex vector bundle V with a decomposition
V = ⊕ r+s=w V r,s , a flat connection D satisfying Griffiths' transversality condition (2.3) D = ∂ +∂ + θ +θ : V r,s → A 1,0 (V r,s ) ⊕ A 0,1 (V r,s ) ⊕ A 1,0 (V r−1,s+1 ) ⊕ A 0,1 (V r+1,s−1 ),
and a parallel Hermitian form which makes the Hodge decomposition orthogonal and which on V r,s is positive definite if r is even and negative definite if r is odd.
If we fix a base point on X, then the monodromy representation of the flat connection D gives a representation of π 1 (X) into the group U (p, q) with p + q = the rank of V .
The theorem of Simpson asserts that such representations appear in every component of the space of representions of π 1 (X) in GL(n, C).
Theorem 2.4. Let X be a compact Kähler manfold, then any representaion ρ : π 1 (X) → GL(n, C) can be deformed to a representation which comes from a complex variation of Hodge structures.
By Corollary 4.2 in [22] , the monodromy representation of the flat connection D associated to a complex variation of Hodge structures is reductive. Therefore it also gives an equivariant harmonic map f fromX into U (p, q)/U (p)×U (q). On the other hand, by Griffith's theory [7] , such a variation of Hodge structure gives a horizontal holomorphic mapf fromX into the associated period domain D. D is a homogeneous Kähler manifold of the form U (p, q)/H, where H ⊂ U (p, q) is a compact subgroup. There is a natural Riemannian submersion π : D → U (p, q)/U (p) × U (q). According to a theorem of Borel [1] , this π is holomorphic since U (p, q)/U (p) × U (q) is Hermitian symmetric. As holomorphic maps on Kähler manifolds are harmonic, by the uniqueness of harmonic maps, π •f = f . We have prove the following proposition.
Proposition 2.5. Let X be a compact Kähler manifold, then any representation ρ : π 1 (X) → GL(n, C) can be deformed to a new representation ρ whose associated equivariant harmonic map fromX into
U (p, q)/U (p) × U (q) is holo- morphic.
Proof of the main theorem
Now we proceed to prove Theorem 1.2.
Proof. Let X = Γ\B 3 be a compact complex ball quotient. X endowed with the canonical Kähler form ω X is a compact Kähler manifold. Suppose
is generated ω X . Applying Simpson's theorem to our case, the representation ρ of Γ into GL(4, C) is deformable to a new representation ρ into one of U (4), U (3, 1), or U (2, 2).
In the U (4) case, we are done. The infinitesimal deformation space of Γ in GL(4, C) of the new representation ρ is parametrized by the group cohomology C) ),where the action of Γ on gl(4, C) factors through the homomorphism of Γ into U (4) and the adjoint action of U (4) on gl(4, C) and is therefore a unitary representation. If we were able to show this cohomology group is trivial, it would implied the deformed representation is conjugate to the original representation. This would show the original representation is also unitary. However we are not able to achieve this at this moment. See [3] for more details on this group cohomology.
In the U (3, 1) case, we prove that the harmonic map is actually totally geodesic.
Let ω M denotes the canonical Kähler form on M = U (3, 1)/U (3) × U (1). The holomorphic map f mapsX to M equivariantly. Therefore f * ω M descends to X. By assumption,
where k is a non-negative integer and C is an exact form. We claim that we may assume k is non-zero. If k were zero then C would be a non-negative hermitian (1,1) form representing a trivial cohomology class.
By the definiteness of C, C ∧ ω n−1 X = βω n X for some non-negative function β which equals pointwise to the sum of eigenvalues of C. But C ∧ ω n−1 X = 0, this implies β is identically zero. C is indeed a zero form and f * ω M is identically zero which implies f is a constant map. Thus the image of ρ lies in some compact subgroup of U (3, 1) . From now on we assume k ≥ 1.
On the other hand, by Schwarz lemma, we have
Combining this with (3.1) and notice that k ≥ 1, it follows that −C is again a non-negative (1,1) exact form. By the same reason, we get C = 0 and k = 1,
It follows that f is an isometry. We apply the Bochner formula for harmonic maps in [10] and conclude ∇df = 0. This is equivalent to saying f is totally geodesic. Now a totally geodesic map can be lifted to a continuous homomorphism from SU (3, 1) to U (3, 1) . This homomorphism is conjugate to the standard inclusion and the new representation ρ is conjugate to the standard inclusion of Γ into U (3, 1) . The infinitesimal deformation space of ρ in GL(4, C) is parametrized by the group cohomoloy H 1 (Γ, gl(4, C) ), where the action of Γ on gl(4, C) factors through the standard incl sion of Γ into U (3, 1) and the adjoint action of U (3, 1) on gl (4, C) . This group cohomology is trivial by a theorem of Raghunathan [19] , see also Proposition 6.5 in [3] . This implies ρ is conjugate to ρ .
In the U (2, 2) case, we prove that the harmonic map does not exist. This is done by a total Chern class calculation. First of all, f must be a holomorphic immersion regarding the fact that a contracting complex curve or complex surface in X represents a nontrivial homology class whose Poincare dual is different from any multiple of the class of ω 2 X or ω X . Now we calculate the total Chern class of U (p, q)/U (p) × U (q) using the proportionality principle. The compact dual of U (p, q)/U (p) × U (q) is the complex Grassmannian G p,q . The total Chern class of the complex Grassmannian can be computed as the following. We assume p ≤ q. Let S denote the tautological bundle over it and Q the quotient bundle of the trivial bundle of rank p + q by S.
The tangent bundle of G p,q is isomorphic to the bundle Hom(S, Q) = S * ⊗ Q. Therefore,
c(S * ⊗S) can be computed using the formula of the Chern character and the fact that ch(S * ⊗S) = ch(S * )ch(S). Using the propotionality principle, it is not hard to write the total Chern class of the tangent bundle of U (p, q)/U (p) × U (q) = M in terms of the Chern classes of S. Now we specialize to the case when p = q = 2. We consider the pullback of the total Chern class of M which again descends to X. Since the cohomology ring of X is generated by ω X . The pullback of the total Chern class of M involves two integral variables k 1 , and k 2 , where f * c 1 (S) = k 1 ω X and f * c 2 (S) = k 2 ω 
